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Ion energy stragglingis accomodatedin condensedhistory(CH) MonteCarlosimulationby sampling
energy-lossesat the endof a fixed spatialstepfrom precomputed,pathlengthdependentenergy-loss
distributions. Thesedistributionsareessentiallysolutionsto a straightaheadtransportequationgiven
by �������
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with monoenergeticincidence
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. In Eq.(1),
�

is thepathlengthvariable,
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is the differentialcrosssectionfor energy loss
�

, typically givenby the relativistic Rutherfordcross
sectionfor hardcollisions[1, 2],
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is thetotal ion-electronscatteringcrosssection,and
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are,respectively, the minimum andmaximumenergy transferper collision. Direct solutionof
Eq.(1) by stochasticor deterministicnumericaltechniquesis not feasiblebecauseof the very small
energy transfersandvery small meanfreepathsthat characterizechargedparticleinteractions.Con-
densedhistorycodestypically employ anapproximatesolutiondueto Vavilov [1], obtainedassuminga
constantmeanfreepathandthusrestrictedto shortstepsizes.Thissolutionis formalandits numerical
evaluationcanbecomputationallylaborious,especiallyfor smallstepsizes.In practice,MonteCarlo
codeshave incorporatedtheVavilov theorythroughelaboratenumericalapproximations,suchastrun-
catedEdgeworthexpansions,curve-fittingapproximationsusingMoyal functionsfor smallpenetration
depthsor higherenergies,andspecialtreatmentsfor thelargeenergy-losstail of thedistribution. [3]

In thispaperweproposeanalternativeapproachwhich is alsovalid undertheconditionsof theVavilov
theorybut hasthepotentialof beingcomputationallymoreefficient. We begin by expressingEq.(1)in
thefollowing purelylocal or differentialform���&�$�,	-����� � CD=FEHG�IJ@K � =�L� =8M �N= �+��B�����
	��O%PRQ
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where
�N= �$�� �TS �����U�� ���V� � �W� = !�# �$��	 � .	 J � I 	YX[Z\Z\Z.	 areenergy-lossmoments.We notethat
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just themeanenergy lossor stoppingpower
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is themean-squareenergy lossor straggling
coefficient

�ba�
. Equation(2) showsthatthespectrumis completelycharacterizedby theseenergy-loss

momentsandthatincreasinglymoreaccuratephysicscanbecapturedby retainingsuccessively higher
orderenergy-lossmoments.In particular, truncatingtheexpansionin Eq.(2)at lowestorderyieldsthe
continuousslowing down approximationwhich only preservesthe first momentor the meanenergy
loss. Stragglingis introducedby alsoretainingthe mean-squareenergy lossmoment

�:`
, giving the

Fokker-Planckapproximation,andthis yieldsa Gaussianenergy spectrumwhich is accuratefor thick
targetsor at low energies.At higherenergiesor for thin targets,highermomentsmustbepreservedbut
it canbeshown that truncationordershigherthansecond(i.e., strictly Fokker-Planck)arenot stable.
For instance,thethird ordertermintroducesunphysicaloscillationsin thesprectrumwhile retainingthe
fourth orderterm yields an unboundedsolution. However, the generalizedFokker-Planckexpansion
revealsthecentralrole playedby theseenergy-lossmoments,andfurthermoresuggeststhefollowing
moment-basedapproachto computingstraggledspectrafor finite stepCH simulations:approximate
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thecollision integralsuchthatafinite numberof low orderenergy-lossmomentsareexactlypreserved
whilst all higherordermomentsareapproximatedin termsof theselower ordermoments.Theexpec-
tation is that by not preservingall momentsrigorously, the resultingenergy losskernelwill be less
forwardpeaked,andthemeanfreepathlonger, thantheactual,leadingto a computationallymoreef-
ficient transportprocess.Moreover, theapproximationis systematicin thatpreservingmoremoments
yields an increasinglymorerefinedsolution. We notethata relatedapproachhasrecentlybeenused
to dealwith forwardpeakedangularscattering[4]. After someanalysis,our effective transportmodel
takestheform ���&�$�
	����H� � �dcfec
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where j!�{ �}| gh EHG j! h is theeffective total crosssection.Theparameters~ j! h 	 k h 	�� � I 	YX[Z\Z\ZB�"�
, are

chosento rigorouslyreproducethe first
XR�

energy-lossmomentsof the exact crosssection,andwe
conjecturethat in the limit as

� � �
the approximatemodelwill reproducethe exact model. We

have consideredthis modelfor
� � I and

� � X
specifically. The formercasepreservesthemean

andmean-squaremomentsexactly andyields
k G � �`%� 	 j!�G � `%���� . For

� � X
the free parameters

arenonlinearlyrelatedto the first four momentsbut accurateexplicit approximationscanbe readily
constructed.

We have obtainedclosedform solutionsto Eq.(3) for the two- and four-momenttheoriesin terms
of readily computablespecialfunctions. Thesesolutionsarecomparedagainststraggledspectraob-
tainedfrom (i) analogor singleeventMonteCarlosimulationof theexact transportprocessgivenby
Eq.(1),(ii) theVavilov theoryasimplementedin theMCNPX code[5, 6], and(iii) aGaussiansolution.
Numericalresultshave beenobtainedfor I�� 1
1 MeV protonsincidenton a tungstentarget, with the
straggledspectrafor I and

X
cm slabthicknessdisplayedin Figure1 andthespectrafor

1fQ>�
cm shown

in Figure2. It is clearfrom theseresultsthat the four-momenttheoryis highly accurateandcaptures
the skewnessin the spectravery well. While the two-momentresultsappearmoreaccuratethanthe
Gaussian,particularly in the tails of the distribution, both areunacceptablyinaccurate.Thicknesses
in excessof

XR1
cm arenecessarybeforethe lowesttwo momentsdominatethestragglingenoughfor

thetwo-momentsolutionto beaccurate,althoughtheassumptionsunderlyingtheVavilov modelmay
becomequestionableundertheseconditions.For thicknesseslessthan

1�Q��
cm thefour-momenttheory

is lessaccurateasthespectrumbecomeshighly asymmetricwith long low energy tails. Nevertheless,
theaccuracy of thespectrumrealizedwith only four momentsis striking. TheVavilov distributioncap-
turesthehigh energy partandthepeakof thedistribution accuratelybut displaysartefactsin the low
energy (largeenergy-loss)tail. Thisphenomenonis currentlybeinginvestigatedfurther. Theresultsof
this studyclearlyshow thatmoment-preservingeffective transportmodelsprovide a viablealternative
to theVavilov theoryfor energy lossstragglingin thin slabs.An assessmentof thecomputationalef-
ficiency of this approach,basedon bothsingleeventMonteCarlosimulationanddirectdiscretization
of the effective transportmodelgivenby Eq.(3),aswell asseveralotherissues,forms the subjectof
ongoingwork.
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Figure Captions

Figure1 : StraggledProtonEnergy Spectraat1 & 2cmDepthin Tungsten

Figure2 : StraggledProtonEnergy Spectrumat 0.5cmDepthin Tungsten
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